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Abstract 
Three new control factors are presented for calculating the multipole mode number (MMN) efficiently and precisely. The ef-
fects of these control factors on the number of integral samples and the precision of multilevel fast multipole algorithm 
(MLFMA) are investigated. A new approach based on control factors which is proven to be able to improve the computational 
efficiency and reduce the needed memory significantly as well as ensuring the proper precision. For three aircraft models, the 
improved MLFMA is employed to analyze their multi-frequency scattering characteristics. It is found that aircraft shape can 
influence radar cross section (RCS) in different frequency zones. Both the multi-frequency RCS reduction characteristics of 
shape stealth aircraft and the conventional aircraft with stealth design taken into account are investigated, and the results show 
that shape stealth exhibits significant RCS reduction in the resonance and high-frequency zones, and with a weaker influence in 
the Rayleigh zone. Compared with radar absorbing material (RAM), shape stealth yields a wider multi-frequency RCS reduction. 
The above-mentioned results can be applied to stealth design for multiple frequencies or even for all frequencies. 
Keywords: radar cross section; reduction; electromagnetic wave; scattering; aircraft 
1. Introduction1 
Aircraft stealth technology can significantly reduce 
the enemy’s detection probability and increase the 
concealment capacity . Currently, stealth technology [1]
offers wide applications, and have become a vital tac-
tical tool for designing new-generation aircraft . For [2]
stealth aircraft, the radar cross section (RCS) calcula-
tion methods[3-4] must achieve high precision because 
of typically low RCS values. Multilevel fast multipole 
algorithm (MLFMA)[5-8] has found wide applications 
in RCS calculations owing to its excellent accuracy in 
solving integral equations without the introduction of 
boundary conditions[9]. 
To calculate the RCS for the whole aircraft, a new 
concept utilizing three control factors is presented, and 
the effects of these control factors on the number of 
integral samples and the precision of the MLFMA are 
investigated in detail. This new approach is used to 
increase the computing efficiency rapidly and save 
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memory while ensuring the same precision. Numerical 
computations show that the improved measurement 
approach is accurate and effective. 
With further developments in radar techniques, par-
ticularly in new radar systems, the detection range has 
been extended to low frequencies (e.g. the Rayleigh 
zone). Therefore, stealth design of aircraft, tanks and 
ships faces greater challenges. The electromagnetic 
waves scattering characteristics of aircraft have been 
discussed in some literatures based on flat plate mod-
els[10], but the whole-aircraft RCS characteristics and 
the reduction characteristics of multiple frequencies 
(or all frequencies) have not been addressed. In order 
to acquire information on multiple frequencies, an im-
proved MLFMA is employed and the RCS reduction 
characteristics of shape stealth techniques are investi-
gated based on three different aircraft models in the 
Rayleigh zone, resonance zone and high-frequency 
zone. Compared with radar absorbing materials 
(RAMs), the shape stealth technique reveals advan-
tages. These three aircraft models are traditional Con-
figuration 1, traditional Configuration 2 with stealth 
design taken into consideration, and shape stealth Con-
figuration 3, which are described in Fig.1. To eliminate  
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the scale effect of aircraft, all configurations are set to 
the typical dimension of 1 m in length. 
 
Fig.1  Different configurations of aircraft models. 
2. Basic Theory of MLFMA 
Combined field integral equation (CFIE)[9] is em-
ployed to accelerate the convergence and effectively 
solve the stability problems when it is in the inner 
resonance frequency. The problem of scattering from 
perfect conductive objects (such as aircraft and mis-
siles) can be solved with CFIE, which can be trans-
formed into a linear matrix vector equation by model-
ing the object surface with patches and expanding the 
current with roof-top basis functions[11]. The basic 
principle of fast multipole method (FMM) is that CFIE 






ˆ ˆd ( ( ))
4π
ˆ ˆˆ( ) ( )
n
n
j ji i m
n G i G
mn mn n i m










r k W k      (1) 
where αmn is the translation operator, Zji the matrix 
element produced by the jth and ith variables, ai the 
current factor, GN the near groups, GF the far groups, 
Gn the nth group, Gm the mth group, mˆnr the unit vector 
between mth and nth groups, kˆ the unit wave vector, k 
the wave number, and ˆ( )mV k  and 
* ˆ( )nW k  are the re-
ceiving pattern and the radiation pattern respectively. 
Then the computation process of matrix vector 
products is divided into two parts: the near interaction 
between nearby sources and the far interaction be-
tween well-separated ones. 
In Eq.(1), the near interaction is calculated with the 
method of moment (MOM)[12], and the far interaction 
is divided with MLFMA into three phases: aggregation 
(or upward) phase, translation phase and disaggregation 
(or downward) phase. 
In the aggregation phase, the outgoing pattern is 
computed at the finest level by calculating the radia-
tion patterns of corresponding sources, while a coarser 
level calculation of the outgoing pattern is obtained 
through interpolation and shift from its child level. The 
incoming pattern of both top and lower levels is ob-
tained through anterpolation[13-14]. 
3. Novel Control Factors of Multipole Mode Num-
ber (MMN) 
3.1. Proposition of control factors 
The MMN L, which is the number of multipole ex-
pansions needed to represent the spectral content of the 
radiation pattern, influences the interpolation precision 
and the integral sampling[14]. With traditional MLFMA, 
L is doubled and the number of integral samples ex-
pressed as K = 2L2 is increased by a factor of four from 
the finer level to the coarser level. L is represented by 
the experimental formula as[15] 
ln( )L kD kD= + + π             (2) 
where D is the length of the cube (which enclose the 
related patches) diagonal line. Eq.(2) is applied to 
every level to reduce the memory[15].  
In this article, to improve precision, the refined 
formula[16] is introduced at every level and expressed 
as 
2 / 3 1/ 3
01.8( ) ( )l l lL kD d kD= +        (3) 
where the value of d0 depends on the desired accuracy 
and worst of which is Dl = 1.732al, and al is the side 
length of the cube of level l. 
It is shown that, for a given cube at level l, a rea-
sonable Ll can be calculated and used to terminate the 
infinite item in MLFMA. As a result, the number of 
integral samples for each level, described as 22l lK L= , 
will be obtained and the related memory will be ad-
justed. 
Eq.(3) can be transformed to 
1 2lL L L= +                (4) 
where L1 = kDl and L2 = 1.8(d0)2/3(kDl)1/3. For a given 
incident wavelength λ, L1∝O(Dl) and L2∝ 2 / 30( ,O d  
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1/ 3)lD respectively. 
To calculate MMN effectively, three control factors 
α, β and γ are introduced. The three parts within L1 
and L2 can be controlled freely through adjusting these 
control factors. A modified formula of Eq.(3) can be 
described as 
2 / 3 1/ 3
01.8( ) ( )l l lL kD d kDα β γ= +        (5) 
To investigate the effects of the MMN and the cube 
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Precision of MLFMA is related to the MMN and the 
cube size of corresponding level. By increasing the 
value of Ll, the precision can be enhanced, but the 
memory will be increased rapidly owing to the in-
crease of integral sampling number. Therefore, the 
MMN should be decreased when the appropriate pre-
cision is achieved. 
Generally, d0 is a natural number and d0 = 1 gives 
the accuracy of 0.1. Ll is a series of discrete numbers 
correspondingly calculated with Eq.(3), and the con-
trol factors can make it continuous. During the aggre-
gation and disaggregation phases, the magnitude of 
errors will be growing when interpolating from the 
finer level to the coarser level, so the error at the finest 
level is most important to MLFMA precision. Thus, 
high precision at the finest level must be achieved 
while precision at other levels can be relaxed to im-
prove the efficiency, reduce the number of integral 
samples, and save the additional memory. 
Based on these control factors, a new approach is 
proposed to ensure the precision and improve the effi-
ciency. To ensure precision at the finest level, the 
numbers of interpolating nodes and integral samples 
are fixed or decreased slightly with higher values of α, 
β and γ ; at other levels, the control factors α, β and γ 
are used to decrease the MMN. That is, the control 
factors can be changed according to different levels 
and should be increased only when achieving very 
high precision is needed.  
3.2. Effects of control factors on number of integral 
samples 
The novel approach proposed above is employed to 
analyze the characteristics of the three control factors. 
At level l, the ranges of α, β and γ are defined within 
0.6-1.0 to reduce their influences on computing preci-
sion. 
The aircraft model of Configuration 3 (shown in 
Fig.1(c)) is selected to investigate the effects of α, β 
and γ on Kl. Fig.2 shows the curve of Kl changing with 
α, β and γ when the aircraft is illuminated by a uni-
form plane wave of 14 GHz, where the electrical size 
is 47λ and the number of total levels is 7. 
 
Fig.2  Effects of α, β and γ on number of integral samples. 
Fig.2(a) shows that α has significant influence on Kl 
at different levels when β = 1.0 and γ = 1.0. At the 
finest level (l=7), the same number of integral samples 
is used. At other levels, Kl decreased at each level be-
cause of the decline of control factor α. For the im-
proved approach, Kl is smaller than that for the con-
ventional MLFMA, and 556 MB of memory is saved 
when α = 0.6. 
Fig.2(b) shows the curves of Kl changing with dif-
ferent β when α = 1.0 and γ = 1.0, from which it can 
be seen that β has an imperceptible influence on Kl for 
different levels. Furthermore, at several coarser levels, 
Eq.(5) shows that the number of integral samples is 
decreased with the reduction of β. 
Fig.2(c) shows the curves of Kl changing with dif-
ferent γ when α = 1.0 and β = 1.0, where the trend of 
curves is similar to that in Fig.2(b). It is seen that γ has 
an imperceptible influence on Kl. However, Eq.(5) 
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shows that the number of integral samples is decreased 
at coarser levels. 
Fig.2 indicates that the control factor α affects Kl 
significantly while the effects of the other two factors 
are insignificant. It is also shown that the value of Kl 
obtained with the improved approach is less than that 
required by the traditional MLFMA. Therefore, for 
calculating aircraft RCS, α should be decreased greatly 
to reduce the number of integral samples and to save 
the memory while the appropriate precision is ensured 
and all the control factors are adjusted to obtain higher 
precision. 
3.3. Effect of control factors on precision and effi-
ciency of MLFMA 
(1) RCS arithmetic mean errors (AME) and geomet-
ric mean errors (GME) 
To investigate the precision of improved MLFMA, 
the RCS AME and GME are employed. It is presumed 
that a and b are azimuths, and N is the RCS calculation 
sampling number of angle zone (a, b). Then the RCS 
arithmetic mean (AM) of angle zone (a, b) can be ex-
pressed as 








= ∑           (7) 
where 2,miσ  is the RCS of ith azimuth, m2. Mean- 
while, the RCS geometric mean (GM) can be ex-
pressed as 








= ∏            (8) 
Thus, the AME and GME between computational 
and experimental results are 
( , ) ( , ),MLFMA ( , ),experimentAME AM AMa b a b a b= −    (9) 
( , ) ( , ),MLFMA ( , ),experimentGME GM GMa b a b a b= −   (10) 
where the subscripts (MLFMA and experiment) indi-
cate the corresponding methods for determining the 
AM or GM. 
(2) Analysis on the precision and efficiency of im-
proved MLFMA 
To validate the higher efficiency and accuracy of the 
improved MLFMA, both traditional MLFMA and the 
improved MLFMA with different control factors are 
employed to calculate the RCS of Configuration 3. All 
the numerical results are compared with experimental 
values when the frequency of the uniform plane wave 
is 10 GHz and the electrical size is 33λ. To analyze the 
stealth performance of aircraft, the RCS of ith azimuth 
(dBsm) can be described as 
2,dBsm ,m10lgi iσ σ=             (11) 
Table 1 shows parameters (such as memory and time) 
involved in the traditional MLFMA and the improved 
MLFMA. Fig.3 shows the comparison curves of RCS 
for computational and experimental results. Table 2 
shows the RCS AME and GME corresponding to ex-
perimental results. In Fig.3 and Tables 1-2, (α, β, γ) 
denotes the corresponding amplitude of α, β and γ. 
Table 1  Parameters of traditional and improved MLF- 
MA for Configuration 3 
Method (α, β, γ ) Memory/MB Time/s 
Traditional MLFMA  974 402 536
(1.0, 1.0, 1.0) 692 313 693
(0.9, 0.9, 0.9) 563 263 728
(0.8, 0.8, 0.8) 543 258 851
(0.7, 0.7, 0.7) 432 228 690
Improved MLFMA 
(0.6, 0.6, 0.6) 363  97 217
 
Fig.3  RCS curves of computational and experimental re-
sults. 
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Table 2  RCS AME and GME of traditional and im- 
proved MLFMAs for Configuration 3 
0°-30° 0°-180° 
Method ( , , )α β γ  




 1.545 9 0.821 0 0.973 0 1.208 7
(1.0,1.0,1.0) 1.282 7 1.000 4 0.832 5 1.323 8
(0.9,0.9,0.9) 1.440 0 1.444 1 0.948 0 1.341 8
(0.8,0.8,0.8) 1.481 8 1.737 8 0.971 2 1.326 8
(0.7,0.7,0.7) 1.554 6 1.870 5 0.961 9 1.372 7
Improved 
MLFMA 
(0.6,0.6,0.6) 1.343 2 2.119 2 0.997 0 1.394 5
Table 1 shows that the memory requirements of the 
improved MLFMA are decreased significantly follow-
ing the adjustment of control factors. The memory 
usage of traditional MLFMA is 974 MB while that of 
the improved MLFMA is reduced to 692, 563, 543, 
432, 363 MB separately, and resulting in a savings of 
282, 411, 431, 542, 611 MB respectively. Computa-
tional time is decreased greatly owing to memory re-
duction. For instance, the time for (0.6, 0.6, 0.6) is 
reduced to be less than 25% of the time used by the 
traditional MLFMA, and the corresponding efficiency 
is increased by three times. 
For the precision analysis, the computational curves 
are remarkably consistent with the experimental results 
as shown in Fig.3(a). When (α, β, γ ) is chosen from 
the range of (0.6, 0.6, 0.6) to (1.0, 1.0, 1.0), Table 2 
indicates that the errors of the improved MLFMA are 
close to those of the traditional MLFMA for two angle 
zones of 0°-30° and 0°-180°. All the RCS AME values 
related to the experimental results are suitable enough 
for analyzing the stealth performance of an aircraft. 
On the other hand, the RCS GME increases with the 
decrease of control factor values, which implies that 
MLFMA precision will become slightly worse, as in-
dicated in Table 2. To prove this, the partial enlarge-
ment of 0o-30o angle zone is shown in Fig.3(b). It can 
be seen that the trends of all curves are fairly consis-
tent and the control factors have imperceptible effect 
on precision. At some wave hollows (such as around 
10° or 19.5°), the precision becomes worse while the 
control factors vary from (1.0, 1.0, 1.0) to (0.6, 0.6, 
0.6). As a result, the changes of precision due to the 
decline of control factors are acceptable for whole- 
aircraft RCS computations. 
Therefore, the control factors are chosen within the 
range between (0.6, 0.6, 0.6) and (1.0, 1.0, 1.0) for 
whole-aircraft RCS computations in order to ensure 
appropriate precision, improve efficiency, and save 
memory. Fig.3(a) and Tables 1-2 show that the im-
proved MLMFA can enhance efficiency rapidly, save 
considerable memory, and extend the range of compu-
tational frequencies. In addition, different control fac-
tors can be selected at different levels to adjust the 
precision. 
4. Multi-frequency RCS Reduction Characteristics 
of Shape Stealth 
In this article, improved MLFMA is applied to in-
vestigate the multi-frequency RCS reduction charac-
teristics of shape stealth in Rayleigh, resonance, and 
high frequency zones.  
4.1. Shape effects of aircraft on multi-frequency RCS 
To analyze the RCS reduction characteristics of 
whole-aircraft, the shape effects on multi-frequency 
RCS values should be investigated first. Fig.4 shows 
the curves of Configuration 3 in three frequency 
zones: the Rayleigh zone ( f = 0.28 GHz), the reso-
nance zone ( f = 0.70 GHz), and the high-frequency 
zone ( f = 7.00 GHz). 
 
Fig.4  Multi-frequency RCS curves of Configuration 3. 
Fig.4 shows that the RCS curve is complex and os-
cillates significantly in the high-frequency zone be-
cause the whole aircraft shape has an important influ-
ence on RCS. In the resonance zone, the RCS curve 
oscillates in an unsteady rhythm, and the aircraft shape 
will affect its RCS distribution due to the superposition 
of all parts at different phases. In the Rayleigh zone, 
the RCS curve oscillates slightly and the effect of 
shape on RCS is weakened. 
Therefore, the aircraft shape has different effects on 
RCS distribution in three frequency zones, and it is 
necessary to investigate the multi-frequency reduction 
characteristics of shape stealth so that the effective 
techniques can be provided for aircraft stealth design. 
4.2. Analysis of multi-frequency RCS reduction char-
acteristics of shape stealth 
Shape stealth tries to optimize the aircraft layout to 
achieve the goal of RCS reduction. Take Configuration 
1 as a reference, the reduction characteristics of Con-
figurations 2-3 are investigated. As for the similarity of 
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scattering under VV and HH polarizations, the charac-
teristics of HH polarization are chosen for detailed 
analysis. Suppose η = d/λ is the typical electrical size, 
where d is the aircraft’s typical geometrical size. 
Fig.5 shows the RCS AM curves of the three con-
figurations changing with frequencies for 0°-30° and 
0°-180° angle zones. In Fig.5, we can see that the RCS 
AM values of all the configurations assume being os-
cillated when the frequency is increased. For the 
0°-30° angle zone, the RCS AM value is increased 
rapidly in the Rayleigh zone and decreased in the 
high-frequency zone. The RCS AM value of Configu-
ration 1 is the highest one and that of Configuration 3 
is the lowest one. This means that Configuration 3 can 
provide the best stealth performance. 
 
Fig.5  RCS AM curves with different η. 
It can be seen from Fig.5, Configurations 2-3 ex-
hibit a reduction effect under HH polarization as com-
pared to Configuration 1. The reduction effects of 
these two configurations are remarkable in the high- 
frequency and resonance zones. Furthermore, the 
stealth performance is disappeared for Configuration 2 
and is weakened for Configuration 3 in the Rayleigh 
zone. 
Although both of these configurations show RCS 
reduction effects in the high-frequency and resonance 
zones, Configuration 3 achieves higher excellence in 
stealth performance in multi-frequency zones than 
Configuration 2 does due to the flying wing layout. It 
becomes clear that the concept of shape stealth can be 
used to design aircraft with high stealth performance 
owing to the multi-frequency RCS reduction of shape 
stealth. 
For different frequencies, the RCS reduction effect 
of shape is different: the shape stealth performance is 
enhanced when the incident wave frequency is in-
creased, and the RCS reduction will be most signifi-
cant in the high-frequency zone. 
In general, a narrow-band RCS reduction will be 
achieved for radar absorbing materials. When the fre-
quency falls outside of the band (i.e. being greater or 
smaller than the design frequency), the reduction effect 
will be significantly diminished and the RCS can be 
increased. In addition, the radar absorbing materials 
may increase aircraft weight, decrease payload, and 
reduce the operational effectiveness. 
However, a better multi-frequency RCS reduction 
effect can be obtained through shape stealth to meet 
the future stealth requirements in multi-frequency or 
all frequencies. Only in the Rayleigh zone the RCS 
reduction effect will be decreased. These multi-fre-
quency RCS reduction characteristics can play an 
important role in aircraft stealth design, sufficiently 
compensate for the deficiencies of radar absorbing 
materials and improve the overall performance of 
stealth aircraft. 
5. Conclusions 
Three new control factors are proposed, which will 
be varied according to the process and the number of 
integral samples. Their effects on the number of inte-
gral samples and the precision of MLFMA are dis-
cussed. A new approach employing control factors is 
presented to improve the efficiency and save the 
memory while having the same precision achieved by 
the traditional approaches. Both the validity and accu-
racy of the improved MLFMA are confirmed through 
computational examples. 
Using improved MLFMA, the multi-frequency RCS 
reduction characteristics of the whole aircraft are in-
vestigated, and the shape effects on RCS in different 
frequency zones are presented. It is shown that the 
shape stealth possesses multi-frequency RCS reduction 
effect that is significant in the high-frequency and 
resonance zones, but is weaker in the Rayleigh zone. 
Compared with material stealth, shape stealth offers 
greater advantages of improving the stealth perform-
ance of aircraft. 
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